The equation of motion of a massless Dirac particle in the C-metric leads to the general Heun equation (GHE) for the radial and the polar variables. The GHE, under certain parametric conditions, is cast in terms of a new set of su(1, 1) generators involving differential operators of degrees ±1/2 and 0. Additional Heun polynomials are obtained using this new algebraic structure and are used to construct some exact solutions for the radial and the polar parts of the Dirac equation.
Introduction
The C-metric, representing the exterior gravitational field of a uniformly accelerating black hole, was first discovered by Levi-Civita [1] . Subsequently, it was incorporated in a classification of exact space-times [2] and its properties were explored [3] [4] [5] . The line element of the C-metric in spherical-like co-ordinates is given by [6] 
where, 
and the constants M(≥0) and A(≥0) are the mass and acceleration of the black hole, respectively. This metric reduces to two well-known metrics for two different parametric limits: the spherically symmetric Schwarzschild metric for A = 0 and the Rindler metric representing flat spacetime with uniform acceleration for M = 0. The behaviour of massless spin-1/2 particles in this metric was studied in [7] , where the radial and polar parts of the Dirac equation turned out to be the general Heun equations (GHE) up to some variable transformations. The GHE is the most general form of second-order Fuchsian differential equations with four regular singularities. Due to its appearance in a wide variety of physical problems [8] , the properties and solutions of this equation were studied extensively [9] [10] [11] in the past few decades. Our present aim is to discuss some of the exact solutions of this equation using the algebraic properties of the general Heun operator and use them to study the dynamics of massless Dirac particle in the C-metric. Algebraic methods have played a significant role in unravelling the symmetry of second-order differential operators [12] [13] [14] . A partial algebraisation of the whole solution space was achieved [15] [16] [17] [18] for a wide class of quantal quasi-exactly solvable (QES) Hamiltonians in one or more dimensions. Noticeably, the study of these QES systems boils down to the study of the algebraic properties of the Heun operator [19] . More specifically, a second-order differential equation is QES if a corresponding Heun operator can be cast in terms of a set of linear differential operators that constitute a finite dimensional representation of the sl (2) algebra.
Inspired by this algebraic approach, we present here a different two parametric representation of su(1, 1) generators of degrees 1 ±1/2 and 0 in contrast to the set of integer degree generators involving a single parameter, existent in the literature [15] . The necessary parametric conditions for casting the GHE in terms of these new generators require the singularities at zero and infinity of the equation to be elementary. 2 In the case of massless Dirac particle in the C-metric, the singularity at 0 of the radial Heun equation and that at ∞ of the polar Heun equation are observed to satisfy this condition irrespective of the parameter values. The other required elementary singularity for each of the equation is ensured by imposing necessary parametric conditions. The advantage of using these new generators is that they track the quasi-polynomial solutions (known as Heun polynomials [9] ) admitted by the GHE, besides the polynomial solutions that are found using the existent generators [15] . The Heun polynomials, being closed form solutions that are valid in the entire complex plane (except for the singular points and possibly with appropriate cuts to ensure single-valuedness), are of immense physical importance and thus were explored extensively [21] [22] [23] [24] . In this work we apply our method to obtain Heun polynomials and use them to construct exact (closed form) solutions for the radial and polar parts of the Dirac equation for some specific values of the separation constant.
The organisation of the paper is as follows: in Section 2 we cast the GHE in terms of the newly introduced su(1, 1) generators and briefly discuss Heun polynomials in connection with the finite dimensional representations of su (1, 1) . In Section 3 we explicitly construct the most general forms of some of the Heun polynomials, available from the present method. Section 4 deals with the dynamics of the massless Dirac particle in the C-metric, where we read off the solutions from Section 3 for the radial and polar parts of the Dirac equation, using appropriate values of the parameters. Finally in Section 5, we summarise our work and conclude with some future visions.
Recasting of the Heun Operator and the su(1, 1) Representations
The Heun equation, in its canonical form, is given by [9]
with regular singularities at z = 0, 1, a(≠0, 1) and ∞. The exponents at these singularities are (0, 1 − γ), (0, 1 − δ), (0, 1 − ε) and (α, β), respectively. Here q plays the role of the eigen parameter. In this work we study Heun equations with only real parameters. The equation, being a secondorder linear homogeneous equation with four regular singularities, satisfies the Fuchsian condition:
allowing elimination of ε in favor of the others. Equation (3) can be written as:
where f 1 (z) = a 0 z . a a a aγ = =
Evidently, the Heun equation consists of differential operators of degrees +1, 0 and −1. Denoting them by P + , F(P 0 ) and P − respectively, (5) can be rewritten as follows [25] :
with,
and
where j is any real number. The above operators satisfy cubic deformation of sl(2) algebra among themselves, which were exploited [25] to track a part of the eigen space of a Heun operator analytically. However, non-linear deformations of sl (2) are associated with non-trivial representation theory [26] . Our present purpose is to cast the Heun operator in terms of the new two parameter su (1, 1) generators and for the convenience of this casting, we use the above degree-wise classification of operators (i.e. P + , P − and F(P 0 )), as shown below.
The New su(1, 1) Generators and the Heun Operator
With the aim to cast the Heun operator in terms of linear su(1, 1) algebra, we propose the following representation of su(1, 1) generators
We now proceed to construct the differential operators P + , P − and F(P 0 ) from the generators (12) and identify the conditions under which this is possible. The generators are of degrees ±1/2 and 0, whereas the degrees of operators P ± and F(P 0 ) are ±1 and 0, respectively. Hence, it is clear that the complete Heun operator will comprise of linear and quadratic forms of the generators. Assuming the forms and
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where c ± are constants, we obtain
Using (16) and (6) one obtains:
implying the singularity at z = ∞ is elementary. Similarly, using (17) and (8) one is left with just two values of ν:
Above solutions of γ imply that the singularity at z = 0 is also elementary. In terms of the equation parameters, μ and ν are given as:
Finally, F(P 0 ) can be written in the form
Thus, a Heun operator with elementary singularities at z = 0 and z = ∞, i.e. with parametric conditions (18) and (19) , becomes
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where we use the tilde to distinguish it from any arbitrary Heun operator. To write H in differential form we choose
and obtain
where γ 1 = 1/2 and γ 2 = 3/2. The Fuchsian condition (4) now reads
From here onwards we shall deal with Heun equations of the form (25) . With the Heun operator H cast as (23) , one can use the representations of su(1, 1) to look for solutions, as discussed below.
Finite Dimensional Representations of su(1, 1) and Heun Polynomials
In this section we discuss Heun polynomials in connection with the finite dimensional representations of su (1, 1) . Recasting the Heun operator in terms of the su(1, 1) generators E + , E − and H solves for μ and ν [(16) and (17)]. For non-negative half-integer values (including half-even integers, i.e. the integers) of (μ -ν) = j (say), there exist finite (2j+1)-dimensional representation spaces of su (1, 1) . The states |j, h⟩ of these representations are labelled by j and the eigenvalue h of H, with the range of h given by h ∈[−j, j]. Due to the quadratic dependence of H on E + and E − , we note that each representation space splits into two subspaces as V j = V e ⊕ V o , consisting of the alternate states of the representation space, both of which are invariant with regard to the action of . H As a result, a pair of solution spaces is obtained from every representation space. The subscripts 'e' and 'o' stand for even and odd respectively, odd subspace being the one containing the lowest weight (lowest h value). The representation space is the space of monomials, which means that the state |j, h⟩ ∝ z p , where the power of the monomial is given by
In other words, the set of (2j+1) monomials constitute a (2j+1)-dimensional invariant subspace of the generators (12) and thus of the Heun operator (23) . Clearly, having non-negative half-integer (μ − ν) is a necessary (not sufficient) condition for the Heun equation to admit a quasipolynomial solution, which is a linear combination of a finite number of monomials. 3 In terms of the equation parameters, this condition reads:
or,
Once condition (28) is satisfied, the Heun operator (23) (without the eigenparameter q) is made to act upon the finite dimensional monomial space. Finding the quasi-polynomial solutions then reduces to standard (2j+1)-dimensional matrix eigenvalue problem. Thus (2j+1) linearly independent eigen-solutions are obtained, each with a specific value of the eigenparameter q. These are Heun polynomials of the form z t P N (z) (with t ∈ ℝ), where P N (z) is any arbitrary polynomial in z of degree N. Among them, the polynomial solutions corresponding to t = 0 can be obtained using the su(1, 1) generators in [15] . The main purpose of the present work, besides providing a new algebraic structure of Heun equation, is to detect all the Heun polynomials of the form z t P N (z) admitted by the GHE in concern.
The Heun Polynomials
In this section we explicitly show the method of obtaining Heun polynomials from the finite dimensional representation spaces of su (1, 1) . We provide, for the two allowed values of γ (19), the most general forms of some of the Heun polynomials (up to triplet) for the convenience of use in an actual physical problem.
Case 1: γ = 1/2
For this case we have ν = 0 from (19) and the Heun equation (25) satisfies Fuchsian condition δ + ε = 2α + 1. To obtain Heun polynomials from the finite dimensional representation spaces of su(1, 1), (28) implies that we must have
With the α value belonging to this set and solving for the appropriate value of the eigenparameter q, classes of Heun polynomial solutions for this case are obtained below.
Singlet: α = 0 (μ = 0, (24)). The representation space consists of a single state with H eigenvalue h = 0. The power of the corresponding monomial is found using (27) 
Among the solutions listed above, the ones given by (31), (32), (34) and (35) can be obtained from the existent su(1, 1) structure of the equation [15] . However, the additional Heun polynomials involving , z given by (33) and (36), are obtained using the new su(1, 1) structure presented here. This shows the advantage of using generators of degrees ±1/2 and 0 in the present work.
Case 2: γ = 3/2
Here we have ν = −1/2 from (19), with the Fuchsian condition reducing to δ + ε = 2α. Now, the necessary condition (29) to find Heun polynomials from the finite dimensional representation spaces is {1 / 2, 0, 1 / 2, 1, }.
For α belonging to the above set and with appropriate value of q, some of the Heun polynomials in this case are listed below. (24)). There is a single state in this representation space with H eigenvalue h = 0. The corresponding monomial power is obtained from (27) . Thus, the singlet solution is 
Among the above solutions of (25) with γ = 3/2, given by (38)-(43), the ones given by (40) and (43) can be obtained from the methods of [15] , while the Heun polynomials given by (38), (39), (41) and (42) are additional ones obtained using the new su(1, 1) structure of the equation.
With all the above Heun polynomials ready at our disposal, different physical problems involving the GHE can be addressed and the solutions can be read off with suitable parameter values. This is demonstrated in the next section, where we construct some exact solutions for the massless Dirac particle in the C-metric.
The Massless Dirac particle in the C-Metric
In this section we study the dynamics of the massless spin 1/2 particles in the C-metric. As mentioned earlier, the radial and the polar parts of the Dirac equation are observed to be of the general Heun form up to some variable transformations [7] . We briefly review this part below (Section 4.1). Then we demonstrate that for appropriately chosen parameter values, these GHEs admit Heun polynomials as their solutions, which lead to some exact solutions of the radial (Section 4.2) and polar (Section 4.3) parts of the Dirac equation.
Dirac Equation and Separation of Variables
The line element of the C-metric is given by (1). First we note the following few properties of the metric: the physical region of interest for the solution of the radial equation lies between the Schwarzschild horizon r = 2M and the Rindler horizon r = 1/A, i.e. one must have 2M < r < 1/A. This requires 2M < 1/A (or MA < 1/2), which ensures that the metric signature is preserved (P(θ) > 0) for all θ ∈[0, π]. In other words, the acceleration parameter η(≡2MA) of the black hole is <1 in the physical region of interest. There is a conical singularity at θ = 0, which can be avoided with the choice of range of φ given by φ ∈[0, 2π/P(0)]. The Dirac equation for the massless spin 1/2 particle in the C-metric is obtained [7] using Newman-Penrose formalism in Kinnersley type null frame [27] . Following the notation of [7] , the four-component Dirac spinor ψ is given by
where,
The exponential form of the azimuthal and the temporal parts of the spinor is due to the existence of the time-like and the rotational Killing vectors ∂ t and ∂ φ in the C-metric. The radial functions ±1/2 R(r) and the polar functions ±1/2 S(θ) separately satisfy two pairs of first-order coupled differential equations, which lead to one secondorder differential equation for each of the four radial and polar functions. The two equations for the two radial functions can be combined together to assume the form
whereas, the combined form of the two polar equations reads
with s = ±1/2 for both the cases. Both (47) and (48) are convertible to the general Heun form. The detailed analysis of them using the algebraic structure of the Heun equation presented in Sections 2 and 3 are given below.
The Radial Equation
It is observed [7] that effecting the transformation 
where E is related to the separation constant λ as λ 2 = E + s 2 and ω is the angular frequency. The subscript r of the parameters stands for radial. The physical range (2M, 1/A) of the radial co-ordinate r corresponds to the range of z given by (1, ∞). We now proceed to solve the concerned Heun equation using the su(1, 1) structure presented in this paper. We note from (52) that γ r = 1 - s = 1/2 or 3/2 for s = 1/2 or −1/2, respectively. Thus, Equation (19) is satisfied, i.e. the singularity at z = 0 is elementary. For the singularity at z = ∞ to be elementary, one requires |α r − β r | = | 2 + s + 2k 3 | = 1/2. It is observed that choosing ω = 0 in (50) leads to this condition. It may be noted that with this choice the singularity at z = 1 is also elementary, however, the one at z = a r is not, in general. We discuss below the solutions of the two radial functions ±1/2 R(r).
We have γ r = 1/2 (Section 3.1). Additionally we have δ r = 1/2, α r = 3/2, β r = 1. Expressing the two exponents of infinity as α and α + 1/2, we get α = β r = 1. This value of α does not belong to the set (30), hence, the concerned Heun equation does not admit any Heun polynomial solution. One can use the standard series solutions of the Heun equation.
We have γ r = 3/2 (Section 3.2) and additionally we have δ r = 3/2, α r = 1/2, β r = 1. The two exponents of infinity are of the form α and α + 1/2 with α = α r = 1/2. This value of α belongs to the set (37) and corresponds to the singlet solution given by (38). Hence, we have a solution
Plugging this Heun singlet into (49), we obtain the following solution for the radial function:
It may be noted that the above solution involves additional Heun polynomial, obtained using the new su(1, 1) structure presented here. It is finite and well behaved in the physical range of the radius, i.e. between the Schwarzschild and the Rindler horizons, as shown in Figure 1 .
Asymptotic behaviour: Let us have a look at the asymptotic properties of the above solution. The general asymptotic behaviour of the massless Dirac particle in the gravitational field of a black hole with small acceleration has been discussed in [7] . For s = −1/2, ω = 0 and for small values of acceleration A, the asymptotic nature of one of their solutions at the Schwarzschild horizon is given by
which perfectly matches with the behaviour of the solution (54). The Rindler horizon (r → 1/A) asymptotic behaviour of the same solution of [7] for parametric conditions as mentioned above is given by
which is also satisfied by the solution (54). Thus, it is observed that the exact solution for the radial part given by (54) exhibits the precise asymptotic behaviour given by (55) and (56) at the Schwarzschild and the Rindler limits respectively.
The Polar Equation
In order to transform the polar part of the Dirac equation into the general Heun form, first a new variable z = cos 2 θ/2 is defined and then with the transformation [7] 
Here, m is the azimuthal quantum number. The subscript θ of the parameters denotes the polar equation. The range 0 ≤ θ ≤ π of the polar angle maps to 0 ≤ z ≤ 1. In order to obtain the solutions of this equation using the methods presented here, we note from (58) that |α θ − β θ | = | s | = 1/2, i.e. the singularity at z = ∞ is elementary. To ensure elementary singularity at z = 0, one requires γ θ = 1/2 or 3/2 (19) . Hence, it is observed from (58) that one must have 2k + = ±1/2, which implies (see (57)) that either mη/ (η + 1) = 0 or mη/(η + 1) = ±1 (for s = ±1/2, respectively). We note, 0 is not an allowed value for m, since m can assume only half-integer values for spin half particles. Further, the η = 0 limit requires a separate treatment and is beyond the scope of the present work. Hence, we stick to mη/ (η + 1) = ±1 and discuss the solutions of the two polar functions ±1/2 S(θ) below.
-s = 1/2, solutions for 1/2 S(θ):
Here we have mη/(η + 1) =1, yielding 2k + = −1/2, which implies γ θ = 1/2 (Section 3.1). In this case the exponents of the singularity at z = ∞ are α θ = 3/2 and β θ = 2, i.e. they are of the form α and α + 1/2 (with α = α θ = 3/2). This α value does not belong to the set (30), which means that the Heun equation in question does not admit Heun polynomial solutions, just as in the case of 1/2 R(r). Hence, the solutions to look for are the standard series solutions.
For this case we have mη/(η + 1) = −1, giving 2k + = 1/2 which implies, γ θ = 3/2 (Section 3.2). Here the allowed m values (leading to η < 1) are m ∈ {−5/2, −7/2, −9/2, …}. The singularity exponents at z = ∞ are α θ = 1/2 and β θ = 0. Expressing them in the form α and α + 1/2, we have α = β θ = 0. This α value belongs to the set (37) and corresponds to the doublet solutions given by (39) and (40). Hence, we have the solutions 
The above parameter values (63) are obtained using mη/ (η + 1) = −1 and s = −1/2 in (57). The two solutions are plotted in Figure 2 for η = 0.2 and 0.4. Among the two solutions above, the one given by (61) is due to the use of the present su(1, 1) generators and is divergent in both forward and backward directions. The other solution (62) can be found using the generators in [15] as well and it is divergent only in the forward direction.
Conclusions and Outlook
In this paper we study the dynamics of a massless spin 1/2 particle in the C-metric, where the Dirac equation leads to the GHE for the radial and the polar parts. We cast the general Heun operator as a quadratic polynomial of elements of an su (1, 1) algebra. This requires the singularities at z = 0 and z = ∞ of the equation to be elementary. Using this new structure, Heun polynomials (including some additional ones that are unavailable from the existent su(1, 1) structure [15] ) are obtained from the finite dimensional representation spaces of su (1, 1) . The general forms of some of the Heun polynomials are listed for convenient use. Some exact solutions for the radial and polar parts of the Dirac equation have been constructed in terms of these Heun polynomials. The obvious future direction of work would be to look for an algebraisation of the GHE with general singularity structure, which will yield all the Heun polynomials admitted by the equation and extend it to cover the confluent versions of the Heun equation as well. 
